I. INTRODUCTION
Symmetry studies of the equations for the hydrogen atom originate from the nonrelativistic case. The SO(4) symmetry of the non-relativistic Schrödinger equation for a hydrogen atom was found by V. Fock [1] , see also [2] .
Relativistic hydrogen atom is modeling here by the Dirac equation in the external Coulomb field
where 
Note that due to a special role of the time variable x 0 = t ∈ (x µ ) (in obvious analogy with non-relativistic theory), in general consideration one can use the quantum-mechanical rigged Hilbert space (3) . Here the Schwartz test function space S 3,4 is dense in the Schwartz generalized function space S 3,4 * and H 3,4 is the quantum-mechanical Hilbert space of 4-component functions over R 3 ⊂ M(1, 3).
In order to finish with notations, assumptions and definitions let us note that here the system of units = c = 1 is chosen, the metric tensor in Minkowski space-time M(1, 3) is given by
and summation over the twice repeated indices is implied. The Dirac γ matrices are taken in the standard Dirac-Pauli representation
where the Pauli matrices are given by At first we consider the known symmetries of the Dirac equation (1), after that we present the mathematical tools, which are necessary for our investigations and, finally, the list of different hidden symmetries of the relativistic hydrogen atom.
II. KNOWN SYMMETRIES OF THE DIRAC EQUATION IN EXTERNAL COULOMB FIELD
The first four constants of motion (symmetry operators, which commutes with the operator of the Dirac equation) for the equation (1) were found by P. Dirac in his paper [3] , where the equation (1) has been derived and introduced. They are three components of the
where L is the orbital angular momentum, s is the spin-1/2 angular momentum, and the found by Dirac additional constant of motion K:
Next symmetry operator is the Johnson-Lippman constant of motion [4]
which commutes with the operator i∂ 0 − H of the Dirac equation and anti-commutes with the Dirac symmetry operator K of (8) . Here the anti-Hermitian
of Hermitian γ 5 of other authors is used. Note that article [4] about excellent result (9) was published as a brief 1/10 of a journal page remark, containing only single formula for D from (9) .
After that the way to SO(4) symmetry of the relativistic hydrogen atom was direct. This symmetry was found in [5] and [6] , for the consideration in [7] see the comments of [8] . Thus, the SO(4) symmetry of the Dirac equation (1) for the hydrogen atom is given by the six
where J is known from (7) and components of T = (T 1 , T 2 , T 3 ) have the form
In the paper [5] the object T = (T 1 , T 2 , T 3 ) (11) was called as Lentz spin-1/2 vector operator. The notations used in (11) are explained in (8) and (9) above.
Next symmetry is as follows. The Pauli-Gürsey operators [9] and [10] 
whereĈ is the operator of complex conjugation,Ĉψ = ψ * (the operator of involution in the space H 3,4 ), determine according to [11] the SO(1,2)⊂SO(1,3) algebra of invariance of the
Dirac equation in the form (iγ
In [12] the symmetry of relativistic hydrogen atom in the form of gl(8,R) algebra has been found. The stationary case of the Dirac equation (1) was considered and the discrete transformation were used.
The author of [13] considered another problem. The quasi-potential two-particle model was presented for the description of spinless relativistic hydrogen atom. The O(4) symmetry and its breaking were investigated.
III. BRIEFLY ON THE GAMMA MATRIX REPRESENTATIONS OF THE REAL CLIFFORD AND SO(8) ALGEBRAS
In our long time investigations of the mapping of the Maxwell theory on the Dirac theory we also studied the different exotic representations of the Clifford-Dirac algebra, which were useful in the description of the Maxwell theory in the notations taking from the formalism of the Dirac spinor field, see, e.g., [14] and [15] .
Step by step we have come to the idea of generalization of the Clifford-Dirac algebra in order to describe the bosonic features of the Dirac theory and fermionic features of the Maxwell theory as well.
Recently, see, e.g., [16] , we put into consideration the gamma matrix representations of the Clifford algebra Cℓ R (0,6) and the Lie algebra SO(8), which are defined over the field of real numbers. Comparison with well known gamma matrix representations of algebras Cℓ C (1,3) (in physical literature the Clifford-Dirac algebra) and SO (1, 5) , defined over the field of complex numbers, demonstrates that new representations contain much more useful elements and perspectives for application. Appealing to the gamma matrix representations of the Clifford algebra Cℓ R (0,6) and the Lie algebra SO(8) made possible, see, e.g., [17] and [18] , to find the hidden symmetries of the free (non-interacting) Dirac equation. The Bose symmetries were found as well [19] . Below we use these new algebraic objects [16] for the problem of finding the hidden symmetries of the relativistic hydrogen atom. The necessary part of consideration from [16] is presented below in a compact version.
Consider the fact that seven γ matrices
where γ µ matrices are given in (5) and operatorĈ is defined after the formulas (12), satisfy the anti-commutation relations
of the Clifford algebra generators over the field of real numbers. Due to the evident fact that only six operators of (13) are linearly independent, γ 4 = −iγ 7 γ 1 γ 2 γ 3 , it is the representation of the Clifford algebra Cℓ R (0,6) of the dimension 2 6 = 64.
The first 16 operators are given in the Table 1 to introduce the notation "stand CD" ("stand" and CD are taken from standard CliffordDirac) for the set of 16 matrices from the Table 1 in [16] , then the set of 64 elements of Cℓ R (0,6) algebra representation will be given by
As the consequences of the equalities γ 4 ≡ 3 µ=0 γ µ → 4 µ=0 γμ = −I, known from the standard Clifford-Dirac algebra Cℓ C (1,3) , and the consequences of the anti-commutation relations (14) , in Cℓ R (0,6) algebra for the matrices γ A (13) the following extended equalities are valid:
Operators (13) generate also the 28 matrices
which satisfy the commutation relations of the Lie algebra SO (8) [
It is evident that here we have the algebra over the field of real numbers as well. Furthermore, it is evident that 28 elements (16) of SO (8) do not form any Clifford algebra and do not form any subalgebra of the Clifford algebra. It is independent from the Clifford algebra mathematical object. Note that here (as in (13) for the gamma matrices) the anti-Hermitian realization of the SO(8) operators is chosen, for the reasons see, e.g., the article [20] and monographs [21] or [22] .
The explicit form of the 28 elements of the γ matrix representation of the SO (8) algebra is given in the [23] .
IV. NEW SYMMETRIES OF RELATIVISTIC HYDROGEN ATOM
Below we present both the symmetries of the Foldy-Wouthuysen equation [23] in the external Coulomd field
and, of course, the symmetries of the Dirac equation (1) in such external field as well.
The first application of the matrix representations of the algebras Cℓ R (0,6) and SO (8) is the symmetry analysis (the search of groups and algebras with respect to which the equation is invariant). It is easy to understand that the Foldy-Wouthuysen representation [23] is preferable for such analysis. Indeed, in this representation one must calculate the commutation relations of possible pure matrix symmetry operators from (16) Now we can start the consideration of the new symmetries of relativistic hydrogen atom.
The beginning was suggested in [24] .The fundamental assertions are as follows.
(i) The gamma matrix representation of the subalgebra SO(6) of the algebra SO(8), which is formed by the operators
determines the algebra of invariance of the Dirac equation in the Foldy-Wouthuysen repre-
are known from (16)).
(ii) On the basis of SO(6) (19) the 31-dimensional gamma matrix representation of the Lie algebra SO(6)⊕iγ 0 SO(6)⊕iγ 0 is constructed, which is formed by the elements from (6) is given in the form of (19) with gamma operators found from matrices (13) by the inverse Foldy-Wouthuysen transformation [23] . Resulting operators are given by
where C = (I + 2
)Ĉ, and ω ≡ −△ + m 2 . These formulas give the images of gamma matrices (13) in the Dirac representation after fulfilling the inverse FoldyWouthuysen transformation.
Thus, the SO(6) ⊕ i γ 0 SO(6) ⊕ i γ 0 algebra is found from SO(6)⊕iγ 0 SO (6) 
Taking the combinations of operators (21), (22) ) representations of the Lie algebra SO(1,3) of the Lorentz group L is similar to (23) (with (21), (22) ) but the gamma operators are in this case too much complicated and are given by (20) . The images of the operators (21), (22) , or (23) , in the Dirac representation satisfy the commutation relations (24) as well.
In [15] and [19] for the free Dirac and Foldy-Wouthuysen equations we used also the evident bosonic representation of (23), in which the Casimir operators are diagonal and the proof of Bose properties is most convenient. Such evident bosonic representation of (23) can be useful here as well. The corresponding transition operator is given by
and translates the s 
